We present the results of the first lattice QCD study of the strong coupling g D * Dπ . From our simulations in the quenched approximation, we obtain g D * Dπ = 18.8 ± 2.3 +1.1 −2.0 and g c = 0.67 ± 0.08
Introduction
thus in a very good agreement with experiment. The small value predicted by the QCD sum rule still needs an explanation.
The value of the coupling g D * Dπ provides also the access to the g-coupling which is one of the main parameters of the approach based on the use of chiral perturbation theory for the heavy-light systems. g is related to g D * Dπ through
where we use f π = 132 MeV. All the above definitions coincide up to 1/m c corrections.
Throughout this paper we will use the most symmetric definition [5] . Notice that we assigned a subscript c, to stress that the g is not obtained with the infinitely heavy quark (mesons), but rather from the (not-so-heavy) charmed heavy-light mesons. By using the definition [5] , from our result (2), we obtain g c = 0.67 ± 0.08
We performed the simulations at two values of the lattice spacing (β = 6.0 and β = 6.2) to study the systematic effects which are discussed in section 6. The simulation was firstly done at β = 6.0 and will be summarized in section 5. Our main results are given from the simulations at β = 6.2 since they have smaller O(a)-effects. This analysis is detailed in sections 2 to 4.
Lattice parametrization and results of the analysis of the two-point functions
The main results presented in this paper and detailed in this section are obtained from the simulation on a 24 3 × 64 lattice with periodic boundary conditions, at β = 6.2. Our sample contains 100 independent SU(3) gauge configurations produced in the quenched approximation (i.e. n F = 0). The quark propagators are computed by using the following Wilson hopping parameters for light (q) and heavy (Q) quarks: κ q = 0.1344 q 1 , 0.1348 q 2 , 0.1351 q 3 ; κ Q = 0.1250 Q 1 , 0.1220 Q 2 , 0.1190
where we introduced the labels q 1−3 and Q 1−3 that will be used throughout this paper. We have implemented the non-perturbative O(a) improvement of the Wilson fermion action, by setting c SW = 1.614 [14] .
In this section we consider the standard two-point correlation functions C
P P (t x ; p) = x e i p· x P (0)P (x) , C
VµVν (t x ; p) =
where t x > 0 and where P ≡q ′ γ 5 q and V µ ≡q ′ γ µ q which will be used with heavy-light and light-light quarks. We define the constants Z P and Z V so that C (2) P P (t x ; p) ≃ Z P e −E P tx 2E P , C
at large t x , where E P (E V ) is the ground state pseudoscalar (vector) meson energy.
From the standard study of these two-point light-light correlation functions, we extracted the masses of pseudoscalar (am P ) and vector mesons (am V ), the decay constant (af P ) and the (bare improved) light quark mass (aρ) that we obtain by using the axial Ward identity, ∂ µ A I µ = 2ρP . In table 1, we list our results for both the degenerate and non-degenerate combinations of our light quarks. In the computation of the pseudoscalar decay constant and of the bare quark mass we improved the axial current at O(a), i.e.
where c A = −0.038(4), as determined non-perturbatively at β = 6.2 in refs. [14, 15, 16] . In the computation of the renormalized decay constant, the O(aρ) effects are eliminated by redefining
where the non-perturbatively estimated constants are Z (0) A = 0.81(1) [15, 17, 18] , and b A = 1.19 (6) [15] .
By using the lattice plane method [21] , illustrated in fig. 1 , we get af π = 0.0488(24), which after comparison with the physical f π = 0.132 GeV, leads to the following value of the inverse lattice spacing:
That value is consistent with the one obtained by using the ρ-meson mass (a −1 (m ρ ) = 2.62(9) GeV) and/or the K * -meson (a −1 (m K * ) = 2.67(8) GeV). As for the heavy-light systems, in what follows, we will need the pseudoscalar and vector meson masses, in addition to the constants Z P , Z V (6). We obtain those quantities by fitting our lattice results for the correlators (5) with the mesons at rest ( p = 0), to the forms given in eq. (6) . The results are presented in table 2. 3 Computation of the three-point functions: Basics and Results
In this section we define the quantities that we need to compute and explain the strategy that will allow us extracting the coupling g V P π , where P and V stand for the heavy-light vector and pseudoscalar mesons respectively. We will then present our results obtained for the heavy and light quark masses that are directly accessible from our lattice.
Theoretical basis
We start from the computation of the transition matrix element between the heavy-light vector meson (V ) and the heavy-light pseudoscalar (P ), mediated by the axial light-light current A µ =qγ µ γ 5 q (see fig. 2 ). It is parametrized as
where q = p − p ′ 2 . The matrix element of the divergence q µ A µ is dominated by the pion pole for q 2 in the vicinity of m 
From eq. (11), we find for q 2 = 0 :
With our settings, the lattice transfer at q = 0 happens to be close to q 2 = 0 (see table 3 ). However, the lattice simulations at q = 0 can only give the form factor A 1 . The other ones, A 0,2 , can be computed at q = 0 which in our case is no longer close to q 2 = 0, as can be seen in table 3. Since A 0 has the pion pole, it varies very fast in the vicinity of q 2 = 0 and thus cannot be directly extrapolated. To overcome this difficulty, we express A 0 (0) in terms of A 1,2 (0) which do not have a pion pole. This relation can be obtained by using the fact that in eq. (10), the axial current cannot have a singularity at q 2 = 0. The three residues of 1/q 2 -terms must cancel, this leads to:
In this relation, one can see that the A 1 contribution is dominant. This dominant contribution is directly obtained from lattices at q = 0, as already mentioned. A 2 has to be extrapolated from q = 0 to q 2 = 0. Its nearest pole is the a 1 meson mass. The error generated with this extrapolation will be discussed in the next subsection. This error is anyhow harmless since it applies only to the subdominant contribution ( 5%) to g V P π .
In the heavy quark limit (m Q → ∞), in which m V = m P , only the form factor A 1 (0) contributes. In that limit one recovers the formula used in ref. [12] to compute this coupling. For heavy quarks close to charm, the corrections in powers of the inverse heavy quark mass are expected to be sizable, which is why we decided to compute g V P π with the relativistic (propagating) heavy quark. Notice that isospin symmetry relates various charge combinations of the V P π couplings:
For simplicity, we define
and rewrite eq. (13) as
As already mentioned G 1 (0) is the dominant contribution to g V P π , the G 2 /G 1 being a few percent correction to it. Analogously, the expression for g Q at a given heavy quark Q mass is
where we note, according to [5] ,
Computation of the three point functions
To access the matrix element (10) from the lattice, we compute the following three-point functions
where the pseudoscalar meson is inserted at rest ( p ′ = (0, 0, 0)) at a fixed time chosen to be t y = 31 a, while the current operator has a momentum q ∈ {(0, 0, 0), (1, 0, 0)} in units of the elementary momentum (2π/La ≃ 0.7 GeV). The vector meson interpolating field is at the origin (0, 0) of the lattice.
When both mesons are at rest, the only useful ratio is (t ≡ t x )
which develops a plateau for t ∈ [12, 17] . At that plateau we extract the matrix element (10), i.e. the value of the form factor A 1 (q 2 ). To access the ratio A 2 /A 1 , we study the ratios with the momentum injection q = (1, 0, 0) × 2π/L, namely
After inspecting the ratios (21) for all the combinations of heavy and light quarks, we choose to fit them to a plateau at t ∈ [14, 17] . We illustrate in fig. 3 the signals for all the four ratios for a given κ Q , κ q . We notice that the ratio R 2 (t) has a hardly observable plateau, the value of which is compatible with zero. As just stated the ratio R 1 (t) contributes more than 95% to g V P p and its plateau is very good. Denoting r i the average value of R i on the plateaus, the form factors A 1,2 are then given by :
where E V is the energy of the vector meson.
Our numerical simulations indicate that the ratio A 2 /A 1 is positive and of the order of 1. It results from eq. (15) that G 2 /G 1 ∼ (m V − m P )/(m V + m P ) which leads to a small and positive correction to G 1 (0) in (16) .
In the left part of table 3, we present our results for the form factor A 1 (q 2 ) (G 1 (q 2 )) for all the quark combinations and with both mesons at rest, q 2 = (m V − m P ) 2 . In this case, q 2 ∈ (0.04, 1.16) · 10 −2 GeV 2 . They are obviously very close to zero and it is reasonable to assume that, at such small q 2 , G 1 (q 2 ) ≃ G 1 (0). The results for the ratios of the form factors A 2 /A 1 (or, equivalently, G 2 /G 1 ) with q = (1, 0, 0) × 2π/L are listed in the right part of table 3. They are obtained from the ratios r 2−4 (see eq. (23)). As expected, the ratios of the form factors G 2 /G 1 are positive and very small (they never exceed 5%). Now this ratio has to be extrapolated to q 2 = 0. The A 1,2 form factors may change significantly but without changing sign since the nearest pole, the a 1 -meson, lies at larger
On the other hand, the ratio A 2 /A 1 is expected to be rather constant because A 1,2 have the same pole factor 1/(1 − q 2 /m 2 a 1 ) which cancels out in the ratio 4 . We thus extrapolate A 2 /A 1 by keeping this ratio constant.
3 This is confirmed by the ratio 
0.67 (7) 15.5 ± 1.5 −45.7(3.9) 0.85(25) 0.019(5)
0.68 (6) (9)).
Comment about the effect of improvement on the form factors
As a side remark, we comment on the effect of the improvement of the bare axial current (see eq. (7)) on the form factors A 1,2,0 (q 2 ). The divergence of the current in the matrix element (10) leads to
where we used eq. (10) and the axial Ward identity, ∂ µ A I µ = 2ρ q P . Therefore the improvement will only affect the form factor A 0 (q 2 ), but not the other two (A 1,2 (q 2 )). In other words,
As our method to compute g D * Dπ relies on the computation of the form factors A 1 and A 2 only, our result does not depend at all on the improvement of the bare axial current.
Chiral extrapolations and the heavy quark interpolation
Now it is a simple matter to combine our results from table 3 in the way indicated in eq. (16) , and to compute the values of the couplings g V P p 5 . Those numbers should now be extrapolated to the to the physical pion mass, to get g V P π for each of our heavy quarks. Finally this is to be followed by interpolation in the heavy meson masses to the ones corresponding to D and D * .
Chiral extrapolations
Our light pseudoscalar mesons ("pions") are rather heavy and we need to extrapolate to the physical pion mass 6 , m π = 0.14 GeV. From the lattice planes method [21] , the physical pion mass in lattice units is am π = 0.053 (2) . To obtain g V P π , we can fit the g V P p -dependence on the quark mass with three formulae: -Linear extrapolation: by fitting our data to
where the values of (am p ) are listed in the first column of table 1. This fit allows to fix the parameters a 0,1 and thus to extract g V P π by either simply reading off a 0 (chiral limit), or by combining a 0,1 with am π . We will give results by opting for the latter choice.
-Quadratic extrapolation: we also attempt the quadratic fit :
-"Chiral Log" extrapolation: One can also fit to a form motivated by the chiral perturbative expansion for the heavy-light systems (for a review, see ref. [13] ). In particular, the coupling of the pion to the heavy meson doublet receives logarithmic corrections [22] :
The results of all three fits are presented in table 4 and illustrated in fig. 4 . The quadratic and logarithmic extrapolations are rather unstable i.e. significantly dependent on small changes in the analysis procedure, because we extrapolate from too heavy quark masses. We present them mainly as an estimate of the systematic error. 
Q for which the light quark is linearly extrapolated to the u/d-quark mass and the g Q linearly extrapolated including the G 2 (0)/G 1 (0) correction (see eq. (17)).
Chiral extrapolations with two different light quarks
We have computed the three-point Green functions with two different light quark masses m 1 , m 2 for the quarks q 1 , q 2 shown in fig 2. The form factors extracted from the latter depend, in general, both on m 2 + m 1 and m 2 − m 1 what makes the chiral extrapolation rather tricky. Luckily, however, it can be shown 7 that, in the heavy quark limit, the dominant contribution to g V P π , i.e. G 1 (0), only depends on m 2 + m 1 . In this limit, we can use data with (m 1 = m 2 ) to perform our chiral extrapolation as a function of m 2 + m 1 (or similarly, as a function of (m p )
2 ). We have compared the results of the linear extrapolation using this method with the one which uses Green functions with only m 1 = m 2 . The extrapolated results agree within 2% while the statistical error is typically ∼ 15%. Considering six (m 1 , m 2 ) couples allows to estimate the systematic error due to the chiral extrapolation by comparing the linear, quadratic and logarithmic extrapolations as explained in the preceding subsection. As can be seen in table 4, G 1 (0) was computed in this way.
The quark mass dependence of the corrective term G 2 (0)/G 1 (0) in eqs. (16,17) is dominated by the factor m V − m P in eq. (15). In the infinite mass limit, it is known that 
Interpolation to the charm sector
Finally, we need to reach the mass of the charm quark. To that end we will use the values of the spin-averaged masses of the heavy-light mesons
When converted to the physical units by means of a −1 (f π ) (given in eq. (9)), we have m H ∈ { 1.83(9), 2.08(10), 2.32(11) } GeV .
and m D = 1.974 GeV is within this range. The coupling g Q that we already mentioned in the introduction :
is the proper parameter to be used for an interpolation in the heavy quark mass. The heavy quark symmetry suggests us to fit our data to the following forms
7 Using the heavy quark symmetry and the hermiticity of A µ , one derives that 8 We have indeed checked that the slope of G 2 (0)/G 1 (0) as a function of m 2 − m 1 is four times larger than the one as a function of m 1 + m 2 .
Using these forms we now interpolate to the charm region each of our three sets of chirally extrapolated data from the previous subsection. The results are presented in Illustration of that interpolation for the case of the linear chiral extrapolation is provided in fig. 5 . Note that our results indicate that the slope in 1/m H for the coupling g Q is small and negative. Assuming that the linear dependence in 1/m H holds all the way to 1/m H → 0, we obtain that g ∞ is not more than 15 % larger than g c (numerical results for g ∞ are also given in table 6).
5 Results at β = 6.0
In this section we briefly summarize the results obtained at β = 6.0. The analysis follows the lines presented in the previous sections. We have run in a 16 3 × 64 volume over 100 configurations with the following set of light quarks Wilson hopping parameters: κ q = 0.1339, 0.1342, 0.1344, 0.1346. We will only show results for one heavy quark, the closest to the physical charm, κ Q = 0.1190 (m P = 1.77(11) GeV), for several values of the light quark mass (see table 7 ). For β = 6.0, the ratio G 2 (0)/G 1 (0) has about 100% error, and we prefer to give the uncorrected result g Q (see eq. (17)), in table 7. It is worth noticing that the results at β = 6.0 agree within errors with those at β = 6.2. This is illustrated in fig. 6 where we compare the case β = 6.0, κ Q = 0.1190 to β = 6.2, κ Q = 0.1250, which corresponds to approximately the same physical mass of the heavy-light meson (m P = 1.77(11) GeV and 1.75(9) GeV respectively). Notice that the numerical results at β = 6.0 are more noisy than those at β = 6.2.
For this reason and also because the lattice spacing at β = 6.0 implies strong limitations on heavy quark masses, we did not attempt an extrapolation to the charm and even less to the infinite mass limit. Notice nevertheless that the charm mass region is almost reached with κ Q = 0.1190 in our setup.
6 Physical results and discussion of errors 
Q at β = 6.0 for one fixed heavy quark: κ Q = 0.1190 and several light quarks. The extrapolation to the physical pion mass is presented in the last column.
Systematic uncertainties
• Discretisation errors-I: In our study we implemented the full O(a) improvement of the Wilson QCD action and the axial current. As we discussed in the text, the improvement of the bare axial current does not influence the value of our g D * Dπ . As for the renormalization constant, we used the non-perturbatively determined value, including the coefficient b A , which ensures the elimination of the artifacts of O(aρ).
• Discretisation errors-II: Our calculation has been made at β = 6.2. With intention to study the O(a) effects, we have also performed the simulation at β = 6.0 which has been summarized in the preceding section. The good agreement illustrated in fig. 6 shows a small discretization error. One might wonder if the small decrease of g from β = 6.0 to β = 6.2 is the sign of a systematic finite a effect. This would then point toward a continuum limit lower than the values quoted here. This difference might also simply be a statistical one since it is smaller than one standard deviation. With only two values of the lattice spacing it is not possible to try a systematic study of the continuum limit and thus to discriminate between these hypotheses. Further studies at different values of β are badly needed. From the experience about similar quantities one might hope that the continuum limit will not be too different from the result at β = 6.2.
• Discretisation errors-III: When interpolating to the charm quark, i.e. to theDmeson (32), we used the value of the lattice spacing as obtained from the pion decay constant. If the lattice spacing is fixed by the ρ-meson mass, the value of the g D * Dπ remains practically unchanged. This is not surprising since the slope of g V P π /m H in 1/m H is very small so that the slight change of the position of the 1/m D does not make any visible impact on the final result (it increases by ≈ 1%).
• Chiral extrapolations: This source of uncertainty actually dominates our systematic error bars. This shows up also in the difference between linear, quadratic and logarithmic fits. Indeed, at β = 6.0 the additional lightest quark (κ = 0.1346) has been added in order to reduce this error. We decide to take the result of the linear extrapolation as our central value since our data follow rather clearly that form.
The difference between that central value (of the linear extrapolations) and the ones obtained through the quadratic and the "log" fits will be included in the systematic uncertainty.
• Finite volume effects: We also studied the finite volume effect by performing two parallel simulations at β = 6.0, with lattice of size 16 3 ×64 and 24 3 ×64. To illustrate the net effect, we plot in fig. 7 the ratio of a three-point correlation functions (19) as obtained from the simulations with two lattice volumes and for both heavy-light mesons being at rest. Within our statistics, we do not see any evidence for the presence of finite lattice volume effects. To be conservative, however, we will take into account the observation that the central values are in the interval 0.95 ≤ C
ii (t; 16 3 )
and thus will include 6 % in the systematic error.
• Quenching effects: When discussing the chiral extrapolations we also considered the effect of using the leading chiral log behavior. It is important to stress that such a behavior is only valid for the full (unquenched) QCD. In the quenched approximation, however, one encounters the so-called quenched logs which are not of the form m 
If we had been in the region of very small masses we should have used this form of the fit to determine the coefficient c (quench.) 1 and then correct for it when getting the quenched physical results. In our case, however, the meson masses we were able to simulate directly are in the region in which the dependence of g V P p on (am p ) 2 is linear as can be seen in fig. 4. 
Conclusion
In this paper, we made the first lattice QCD study of the strong coupling of the pion to the spin-doublet of D-mesons, g D * Dπ . Our results, obtained in the quenched approximation, are in a very good agreement with the recent experimental measurement [1] . Our numbers are much larger than the predictions made by using various QCD sum rule techniques. It is also larger than the previous lattice estimate which has been made in the static limit of the heavy quark effective theory [12] and on a very coarse lattice. The reason for that disagreement remains to be understood. It should be noted that our data suggest that the dependence on the heavy quark mass is very weak and that the static value g ∞ g c . A careful extrapolation to the continuum limit is still needed but, inspired from the experience with similar quantities, one might hope that the continuum limit will not be too different from the result at β = 6.2.
On the basis of our results and from the discussion of the systematic uncertainties which we combine in the quadratic sum, we conclude that g D * Dπ = 18.8 ± 2.3 +1.1 −2.0 , and g c = 0.67 ± 0.08
which is the result that we quoted at the beginning of this paper (2,3). The coupling g varies very little with the heavy mass and we find in the infinite mass limit
A further improvement of our results includes the increase of the statistical sample, computations with static heavy quarks, computations at larger β (such as β = 6.4), and most importantly the attempt of an unquenched study of this coupling. Figure 1 : We illustrate the so-called method of lattice planes [21] by which we get the value of af K/π : In the upper plane, the points in which the fit (solid) line to our data crosses the dashed lines, corresponding to am V = C K/π (am P ) 2 with C K = (m K * /m K ) phys and C π = (m ρ /m π ) phys respectively, determine the values of (am K/π ) 2 , denoted by diamonds. These values are then used to fix af K/π (filled squares) in the lower plane, where we fit the pseudoscalar decay constants as α + β(am P ) 2 . 
